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ABSTRACT

Midlatitude cyclogenesis as interpreted in the framework of either baroclinic development or potential
vorticity thinking heavily relies on the concept of synoptic-scale anomaly. Given the existence of potential
vorticity inversion and attribution, what is at stake to provide a mathematical definition for this concept is
a complete finite-amplitude alternative to the linear-based theory of cyclogenesis. The existence of a
reasonably objective way to represent anomalies in both real and idealized flows would not only help
understanding cyclogenesis, it would also have many other applications for both theory and in practical
forecasts. Inspired by the recent theory of wavelet representation of coherent structures in two-dimensional
fluid mechanics, a wavelet representation of three-dimensional potential vorticity anomalies is built. This
algorithm relies on the selection of the appropriate two-dimensional wavelet coefficients from the stationary
wavelet transform in order to guarantee the critical translation-invariance property. The sensitivity of the
algorithm to the position, size, and shape of the structures is assessed.

The wavelet extraction is then applied to the upper-level precursor of a real-case storm of December 1999
and is compared to a basic monopolar extraction. Using potential vorticity inversion and forecasts with a
primitive-equation model, it is found that both anomalies have similar implications on the development of
the surface cyclone. However, the coherence in time of the extracted wavelet structure in the forecast and
analysis sequence is more satisfactory than the extracted monopole: this suggests that the underlying
mathematical description of an anomaly proposed here does, indeed, point toward the direction of an actual
physical reality of the concept.

1. Introduction

The history of modern meteorology can be charac-
terized by the theoretical framework with which it ad-
dressed the midlatitude cyclogenesis problem. This de-
piction appears to have oscillated between “two con-
trasting viewpoints” (Davies 1997): One is that
cyclogenesis evolves from “an intrinsic instability of the
flow,” and the other “links cyclogenesis to the influence
of an upper-level trough-like feature.” During the
twentieth century, each viewpoint has been prominent,
at one time influencing the way other phenomena were
described, and then less considered at other times. One
strength of the linear instability approach in the pub-
lished literature, including books, reviewed in depth by
Pierrehumbert and Swanson (1995), is the elegance of
its underlying mathematical model of cyclones. This

plane-wave model is directly borrowed from decades of
experience in mathematical physics and its many fields
of application. Eady (1949) and Charney (1947) unfold
this approach to derive a reasonable prediction of the
spatial scales of midlatitude cyclones growing against a
steady large-scale jet flow. Thanks to the familiar un-
derlying mathematical representation, something like
the wavelength, one of the predictions of the theory,
appears like a well-posed output fit for verification.
However, it is not so simple to see growing plane waves
in the real atmosphere. The alternative approach, on
the other hand, has been induced from daily experience
with weather maps. Its main points were refined and
strengthened by their use in the making of the demand-
ing forecast routine required by World War II opera-
tions (Petterssen 2001). It has even been formalized
mathematically up to a point, as for example by Sut-
cliffe (1939, 1947) and Kleinschmidt (1951). One of its
key tenets is that the new surface cyclone to be ex-
plained, or to be forecast, is preceded by some
“anomaly” of vorticity or potential vorticity. While
these anomalies are both critical and ubiquitous in that
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framework, their mathematical representation and the
ability to identify and track them unambiguously in any
given situation does not match the powerful plane-wave
model when it comes to formalizing field analysis.

The century-long contest between these views has
been fruitful in that it has left a common heritage. Part
of it is the quasigeostrophic theory and framework, as
well as the related invertibility of potential vorticity.
The current position is that the comparison between
the predictions of the linear theory and real situations is
confusing (Pierrehumbert and Swanson 1995). The the-
oretically elegant wave model is so unfit for comparison
to real data that alternatives, such as wave packets, are
considered for replacing it in the classical semilinear
framework of instability (Lee and Held 1993). Even
when the generalized baroclinic instability theory of
Farrell (1999) is considered, and although it is able to
predict highly localized structures, namely, implicit
wave packets, a quantitative assessment of its predic-
tion against one real case yields very poor agreement,
including in its description of the cyclone’s overall
shape (Descamps et al. 2007). Conceptually, then, the
“interacting anomalies” approach seems closer to ob-
served facts, although it has been realized in the mean-
time that there are much more diverse situations con-
ducive to cyclogenesis than the upper-level precursor
paradigm, such as effective low-level precursors inter-
acting with a frontlike confluent zone (Arbogast 2004)
or jet-flow entrances, maxima, and exits (Uccellini et al.
1984; Shapiro and Keyser 1990; Rivière and Joly 2006).
Yet, it has the potential flexibility to account for this
growing complexity, especially since it can be cast into
the widely accepted framework provided by potential
vorticity and its inversion beyond quasigeostrophy
(Hoskins et al. 1985; Davis 1992; Arbogast et al. 2008).
These existing bases enable one to work both on ide-
alized, theoretical problems, semianalytically or not,
and on real cases. Indeed, it is essential for theory vali-
dation that the same framework and mathematical
tools should be applied to idealized as well as actual
cases. Potential vorticity attribution provides a power-
ful way to link wind and temperature anomalies to a
source or a cause in the potential vorticity distribution.
Wind and temperature fields attributed to distinct po-
tential vorticity features of the flow enable explicit
computation of their interactions, including deforma-
tion effects or energy conversions, everything that is
needed to set up a quantitative understanding of the
various processes operating in a given flow configura-
tion—everything except a somewhat universal way to
identify the anomalies in any given potential vorticity
distribution (Takayabu 1991).

A complete alternative approach to the linear insta-

bility view of cyclogenesis is nearly available, but it
stumbles on the lack of a proper mathematical repre-
sentation of the various structures present in any given
distribution of potential vorticity, if not analytically
then at least numerically. The primary purpose of the
present work is to trigger a search for such a represen-
tation of the ubiquitous but hazy “potential vorticity
anomaly” given that waves do not seem to provide the
proper concept. This representation should enable
identification, extraction, inversion, and tracking in
both real and idealized cases. It must also achieve a
high level of “objectivity”; that is, it must have very few,
possibly none, arbitrary parameters.

Looking around at the evolution of the close fields of
physics, it is tempting to call on the concept of coherent
structure and to associate many of the anomalies of
interest to meteorology to such structures: they are lo-
calized features that keep their coherence in time. The
time scales of air particles traveling inside a coherent
structure are shorter than the typical time scales of the
evolution of such a structure. Hakim (2000) computed
a climatology of upper-level vorticity anomalies and
then classified them according to their nonlinearities. A
main result of this study is that high-amplitude distur-
bances are common and that they cannot be interpreted
as linear or even weakly nonlinear waves. Hakim con-
firms that linear theories cannot represent the coherent
structures.

Some methods of extraction of the coherent struc-
tures associated with extratropical cyclones exist al-
ready. Such techniques usually rely on image segmen-
tation (Hodges 1994), temporal tracking of vortices
(Ayrault and Joly 2000), or contour detection of
anomalies of mean sea level pressure (Wernli and
Schwierz 2006). Their purpose is often to perform cli-
matologies of cyclones, in relative vorticity or pressure.
The extraction of upper-level potential vorticity coher-
ent structures is a difficult task. For instance, Wernli
and Sprengler (2007) identify potential vorticity
streamers and cutoffs using a form criterion, but this
technique still relies on subjective parameters. These
methods give some elements of the coherent structures,
such as their center, size, and intensity, but they do not
provide a complete description of them, particularly the
possible secondary vortices around them. For these rea-
sons, they are not sufficient to describe all features of
synoptic-scale coherent structures.

Wavelet theory seems to provide a promising frame-
work for the extraction of coherent structures. The
wavelet transform has been used for modeling coherent
structures in turbulent flows for several years now
(Farge 1992). The underlying assumption is that turbu-
lent flows may be separated into two components: a
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coherent part, which carries the major part of momen-
tum and energy of the total flow, and an incoherent part
that may be represented statistically (Farge et al. 1999).
Nonlinear filtering of the two-dimensional orthogonal
wavelet representation is an efficient and accurate way
to separate these components.

Following these results, it is tempting to investigate
how to depict isolated coherent structures from meteo-
rological fields using wavelets. Indeed, a basic assump-
tion of this paper is that the wavelet representation is
suitable to define and extract these localized high-
amplitude features of the flow because of the local rep-
resentation of scales that it provides. The purpose of
the present work is to go further than Farge et al. (1999)
and to determine locally individual coherent structures
out of the coherent flow using the wavelet representa-
tion.

The first part of the present article opens with a brief
presentation and a justification of the wavelet tools that
are used: then it presents the extraction of the coherent
field from a meteorological case study and the pro-
posed algorithm to extract an individual coherent struc-
ture. The second part shows the application of the ex-
traction on the upper-level precursor of an intense mid-
latitude storm and, using potential vorticity inversion,
depicts the dynamics of the coherent structure that is
extracted. A comparison with a structure extracted with
another method is performed. The paper finishes with a
discussion of the importance and possible applications
of this algorithm for a better understanding of synoptic-
scale storms and for numerical weather prediction.

2. An algorithm to extract isolated coherent
structures

a. Overview of the algorithm

Before exploring the algorithm in detail, it is impor-
tant to bring up the assumptions and the framework on
which it relies. The coherent structures that are sought
are three-dimensional synoptic features of potential
vorticity. A separation between the horizontal and ver-
tical directions is assumed, consistent with the hydro-
static balance of the synoptic atmosphere. Thus, the
vertical dimension of a synoptic-scale coherent struc-
ture is obtained by performing a sequence of two-
dimensional horizontal extractions and by looking for
colocalized features at several levels.

The main hypothesis that underlies this work is that
a two-dimensional coherent structure may be repre-
sented by a collection of neighboring wavelets [as Yano
et al. (2004b), for one-dimensional signals], where
“neighbor” refers to spatial and spectral proximity. To
meet the requirements of nonredundancy and possible

reconstruction, the wavelets that compose an individual
structure must belong to the same orthogonal basis. If
there is a choice between several bases, an optimal
wavelet basis should be determined. The result of the
method must be weakly sensitive to the position, shape,
and size of the structure, which will be assessed a pos-
teriori.

The algorithm applied to a complete set of wavelet
coefficients of a two-dimensional field follows the
scheme:

• thresholding the wavelet coefficients (also called
nonlinear filtering) in order to remove the incoherent
part of the field,

• simple detection of the possible coherent structures,
• choice of an optimal orthogonal basis for each struc-

ture, and
• local selection on this basis of the wavelets that con-

stitute each structure.

After a brief discussion of the wavelet tools that are
available, the successive steps of the method are pre-
sented in the continuation of this section.

b. Wavelet discrete representation

A wavelet transform [see Mallat (1998) for theoret-
ical developments] is defined by its mother wavelet �,
which is a function with zero average. The dilatations
and translations of � in space generate a set of wavelets:

�u,s�x� �
1

�s
�x � u

s �, u ∈ �, s ∈ �, �1�

that defines a one-dimensional continuous wavelet
transform. The wavelet representation of a function f is
given by its wavelet coefficients:

Wf�u, s� � � f,�u,s� � �
��

	�

f�x��u,s�x� dx. �2�

If the dilatations are dyadic and if the set of transla-
tions is discrete {s � 2 j, u � 2 jp, j ∈ �, p ∈ �}, then Eq.
(2) generates a discrete wavelet transform (DWT).
Moreover, if some (restrictive) conditions for the
mother wavelet are met, the corresponding set of dis-
crete wavelets may be an orthogonal wavelet basis.

An orthogonal DWT basis on the sphere would be an
ideal technique to represent synoptic-scale structures
on the earth, but such a basis is not yet known—if it
ever will be. The most interesting, but still unsatisfac-
tory, theories in this domain are the spherical bior-
thogonal wavelet transform (Schröder and Sweldens
1995) and the semiorthogonal multiresolution tech-
nique (Rosca 2005), which are not suitable because of
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nonorthogonality. As a consequence, the orthogonal
wavelet transform of the present study is the two-
dimensional DWT that is applied to the fields after
their projection on a plane grid. Such a transform relies
on successive one-dimensional DWTs; it is also used for
the separation of coherent fields in fluid mechanics
(Farge et al. 1999).

Some of the most famous orthogonal wavelet trans-
forms are Haar, Daubechies, Meyer, Symlet, and Coi-
flet. A main utility of the wavelet transform is to define
local features in physical and spectral space. The spatial
localization depends on the size of the support of the
mother wavelet. The spectral localization of the wave-
let transform is defined by its number of vanishing mo-
ments. A notable theorem states that the size of the
support of the mother wavelet is proportional to its
number of vanishing moments, so both properties can-
not be optimal and their choice must result from a com-
promise.

The choice of a suitable wavelet for meteorological
fields has been examined by some authors (see, e.g.,
Yano et al. 2004a). For the purpose of extracting local-
ized physical structures from the field, there should be
a compromise between a small support, a smooth and

symmetrical physical shape, and a sufficient number of
vanishing moments. The need for a well-localized rep-
resentation favors a compactly supported wavelet. The
shape of the wavelet in physical space is important for
the regularity of the structures (Yano et al. 2004a);
Haar and Daubechies wavelets are thus ill adapted. The
number of vanishing moments should be at least
around four (K. Schneider 2005, personal communica-
tion). The Coiflet with four vanishing moments seems
to be optimal regarding these constraints. The mother
wavelet � (similar to a high-pass filter) and the scaling
function 
 (low-pass filter) of this Coiflet are shown in
Fig. 1. The corresponding two-dimensional wavelets in
physical space are presented in Fig. 2. A two-dimen-
sional wavelet is defined by

• its wavelet scale j, which means that its physical scale
covers �2 j grid points, where the coefficient � de-
pends only on the wavelet and the scaling functions
(for the Coiflet with four vanishing moments, � is
quite small owing to its compact support);

• its direction, which depends on whether the function
computed on the x and y axes is the wavelet or the
scaling function [following Mallat (1998), they are

FIG. 1. Visualization of the Coiflet with four vanishing moments for the (left) wavelet function � and (right)
scaling function 
. Each function is represented in (top) physical space and (bottom) Fourier space.
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called, respectively, horizontal (�x
y), diagonal
(�x�y), or vertical (
x�y)]—these wavelet directions
refer to the two-dimensional plane and they should
not be confused with the physical three-dimensional
directions (i.e., the vertical wavelet direction does not
correspond to the vertical atmospheric levels).

The usual space for discrete wavelet representation is
an array in which the wavelet coefficients are ordered
according to their scale and direction (Fig. 3). The two-
dimensional domain must be obtained after a confor-
mal projection for which the map factor does not vary
too much. For all computations herein, a conformal
Lambert projection (Table 1 and Fig. 4) will be used.
The average resolution is 120 km and the map factor

does not vary much throughout the areas of interest;
over the midlatitude Atlantic storm track, its deviation
from 1 does not exceed 5%. This value reaches its maxi-
mum (30%) in the polar latitudes, which is not a zone
of interest for the present study.

The wavelet scales are not rigorously equivalent to a
two-dimensional elliptic truncation because the spec-
trums of the wavelet and the scaling functions do not
have an exact cutoff frequency (Fig. 1) and the x and y
directions of the domain are supposed to be separable.
However, since the number of vanishing moments of
the wavelet has been controlled, the wavelet scale,
which depends on the wavelet direction (Fig. 2), gives a
correct indication of its two-dimensional scale. Where
the map factor of the projection does not vary too

FIG. 2. Physical representation of some two-dimensional wavelets (Coiflet with four vanishing moments). The
(left) vertical (V), (middle) diagonal (D), and (right) horizontal (H) wavelets are (top to bottom) from scale 1 (the
smallest) to scale 3. The wavelet coefficients that generate these functions have the same value, so all wavelets here
have the same norm.

3120 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 65

Unauthenticated | Downloaded 10/09/21 07:13 AM UTC



much, the concept of wavelet scale is therefore mean-
ingful as a measure on the sphere of the scale or of the
typical size of a structure.

The DWT suffers from a lack of translation invari-
ance, which is definitely a serious drawback (Fournier
2000). Figure 5 shows the main reason why translation
invariance is critical for the extraction of coherent
structures. By just modifying the translation of the
DWT basis, a monopolar structure has a very different
wavelet representation. For the first basis 13 wavelet
coefficients are sufficient to reproduce the structure,
and for the second basis 36 coefficients are needed. If
the wavelet representation is not compact enough, then
the structures may be incorrectly reconstructed and
there may be some interference with any other neigh-
boring structure. An important consequence follows: an
arbitrary choice or a global optimal choice (such as
presented by Fournier 2000) for the wavelet basis is
unsatisfactory; one needs to adapt the translated wave-
let basis to each structure in the flow.

The solution that is proposed is to compute all of the
DWT obtained by translation of the grid. The resulting
transform is called the stationary wavelet transform
(SWT) [also called undecimated wavelet transform, in-
troduced by Coifman and Donoho (1995)]. It gives a
redundant representation of the field. However, as the
SWT is equivalent to a set of translated DWT, some
wavelets from the SWT define orthogonal bases. More
formally, the SWT consist in applying to Eq. (1) the set
of dilatations and translations {s � 2j, u, j ∈ �, u ∈ �}.

Since the DWT generates an orthogonal basis of the
two-dimensional (x � y) domain, there are (x � y)
DWT coefficients (Fig. 3), whatever the final scale of
the wavelet transform. However, for a SWT with maxi-
mum scale j, there are [x � y � (3j 	 1)] coefficients in
all (Fig. 6).

The coherent structures will be sought in the whole
set of SWT coefficients. First, a separation between in-
coherent and coherent parts is performed.

c. Nonlinear filtering of the field

The aim of this section is to show a method to filter
out the weakest wavelet coefficients and to de-noise the
original field in order to detect the coherent structures
more easily. Indeed, the nonlinear filtering should help
to separate the coherent and the incoherent part of a
meteorological field, in a similar way as Farge (1992)
does in fluid mechanics. Wavelet thresholding tech-
niques are commonly used to compress meteorological
fields (Yano et al. 2004a).

The nonlinear filtering algorithm is presented in the
appendix. It is expected to be suitable for the purpose
of extracting the coherent field, which is composed of
the coherent structures (Farge et al. 1999). The assump-
tion of turbulence—that the incoherent field is isotropic
Gaussian noise—must be verified a posteriori for the
synoptic-scale meteorological fields.

An example of wavelet thresholding on DWT and on
SWT coefficients is shown in Fig. 7 for the potential
vorticity field on the isentropic surface 315 K. The origi-
nal field has been extracted from the 40-yr European
Centre for Medium-Range Weather Forecasts
(ECMWF) Re-Analysis (ERA-40) database (Uppala et
al. 2005). The accuracy and the efficiency of the non-
linear filtering methods are tested by assessing the co-
herence of the incoherent part, which must be weak.
The coherent part of the DWT (10.5% of the total
number of coefficients) represents 99.7% of the square
of the norm of the total field; the corresponding recon-
structed norm for SWT is 99.5%. The skewness of the
incoherent part is 0.18 for SWT and �0.03 for DWT.
The kurtosis is 4.3 for SWT and 4.6 for DWT. These
scores show that the incoherent part is not far from a

TABLE 1. Parameters of the Lambert conformal projected
domain.

Latitude where the cone is tangent to the sphere 45°N
Vertical longitude 30°W
Coordinates of the southwest corner of the domain 5°N, 85°W
Longitude of the northeast corner of the domain

(its latitude is deduced from isotropy of the grid)
85°E

Number of grid points of the domain (x � y) (128 � 64)

FIG. 3. Usual representation of the wavelet coefficients of a field
defined on the 128 � 64 domain (Fig. 4) through the discrete
wavelet transform (DWT) up to four scales. The remaining scale
(5) is called the approximation. Every subrectangle contains the
wavelet coefficients of the same scale and direction. The different
points inside a subrectangle are the wavelet coefficients for dif-
ferent translations of the wavelet.
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FIG. 5. Wavelet coefficients from the scales 2 to 5 (zoom of Fig. 3 because the scale-1
coefficients are negligible here) of the same monopolar structure for two translated DWT
bases. For the (top) first basis, the structure has a more compact representation than that for
the (bottom) second basis.

FIG. 4. Two-dimensional domain (size: 128 � 64 grid points) on which the wavelet transforms
are computed. It results from a Lambert projection with the parameters given in Table 1.

3122 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 65

Unauthenticated | Downloaded 10/09/21 07:13 AM UTC



Gaussian distribution (skewness 0 and kurtosis 3).
Moreover, a local diagnosis on the structure marked by
T in Fig. 7 has been performed. This structure is an
upper-level precursor that will be described later. The
reconstruction of its amplitude in the coherent part is
94.6% of the original amplitude for DWT and 96.2%
for SWT. This intense local feature of the flow is well
kept by both methods of nonlinear filtering, which con-
firms their ability to represent the local high-amplitude
patterns of the field.

As expected, the coherent field seems to be smoother
for the SWT reconstruction. The better performance of
SWT at de-noising images is a known property (Coif-
man and Donoho 1995) and is due to its translation-
invariant property. Although the SWT is not useful for
compressing the field due to its redundant representa-
tion, the nonlinear filtering allows one to reduce the
number of useful SWT coefficients. In the given ex-
ample, around 55% of the SWT coefficients are kept
after thresholding.

d. Searching for the individual coherent structures

The reconstructed field after SWT nonlinear filtering
highlights the cores of vorticity (e.g., T in Fig. 7) be-
cause it does not have the noisy oscillations that may be
present in the original field. These cores of positive
large amplitude are the coherent structures that are
sought by the algorithm. Their centers are simply de-
tected in the SWT-filtered field as the grid points where
the field reaches a local maximum.

Once the center of a coherent structure is detected,
the next step is to select the local wavelets that build the
structure at best.

e. Principles for optimizing the local wavelet
representation

An idealized study for a one-dimensional signal
should help to illustrate some general principles. SWT
representations in wavelet space (u, j) are computed,
which consists of plotting the values of each wavelet
coefficient of position u and scale j in a (u, j) plane. A
Gaussian monopole in wavelet space (Fig. 8) has a local
maximum at every scale that is located at the same
point as the peak of the monopole. Moreover, along
this line of maxima, an absolute maximum in wavelet
space is reached at scale 4. The question now is to
choose, inside the SWT representation, the DWT basis
that would best represent the monopole with the small-
est number of coefficients. In Fig. 8, the position of the
wavelets from two different bases are shown. One has a
wavelet located at the peak of the structure at scale 4,
and the other at scale 5. Keeping the wavelet whose
coefficient has the maximum value is consistent with
the purpose of optimizing the compactness of the wave-
let representation. As a consequence, it is reasonable to
choose a DWT basis that owns the maximal wavelet
coefficient located at the peak of the structure. This
coefficient is called the main coefficient of the structure.

In this DWT basis, the structure projects preferably
on a limited band of wavelet scales between 1 and 4.
Indeed, the coefficients at scale 5 for this basis are quite
weak. Therefore, it is acceptable to state that there is a
maximal wavelet scale for representing the structure,
that is, the scale of the main coefficient. Such a property
is essential to create a compact structure since involving
too large scales would give birth to a global structure in
space, which is one of the main drawbacks of the plane-
wave representation.

f. Determination of DWT basis to represent the
structure

In two dimensions, the determination of the DWT
basis needed for the structure is inspired by these gen-
eral principles. The (u, j) plane of Fig. 8 becomes a
parallelepiped (x, y, j), similar to the one presented in
Fig. 6. Contrary to the one-dimensional case, there are
three types of directional wavelets. In addition to the
scale of the main coefficient, it is also necessary to es-
tablish its direction.

It is notable that the vertical and horizontal wavelets
have an anisotropic shape, whereas the diagonal wave-
lets are nearly isotropic. To detect and extract struc-
tures independently from their rotation, it is preferable
to assume the main coefficient to be diagonal. This
guarantees a rotation-invariant detection and extrac-

FIG. 6. Wavelet coefficients of a field defined on the 128 � 64
domain (Fig. 4) through the stationary wavelet transform (SWT)
up to four scales. The redundancy of the transform is illustrated by
the number of coefficients, which is several times the size of the
domain.
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tion. Similarly to the (u, j) plane, maps of diagonal
coefficients at every scale j (Fig. 9) are obtained by
plotting the diagonal wavelet coefficients of scale j and
position (x, y) in a plane. These maps are used to de-
termine the scale of the main coefficient of every
coherent structure. Directly inspired by the one-dimen-
sional principles, two rules are followed:

• if a scale is involved in a coherent structure, then
there is a local maximum in the diagonal coefficients
at this scale at the point ( a little tolerance) of the
peak of the coherent structure;

• the scale of the main coefficient is the highest one for
which the value of the diagonal coefficient at the
point deduced from the preceding rule is stronger
than for the scales below.

Figure 9 illustrates these two constraints on the maps
of diagonal coefficients at scales 3, 4, and 5 for a par-

ticular coherent structure T whose peak is indicated by
a cross, from the field shown in Fig. 7. For scales 3 and
4, this maximum is collocated with a local maximum in
the SWT coefficients, which is no longer the case for
scale 5: the first rule is only fulfilled at scales 3 and 4.
Moreover, the value of the diagonal coefficient is
higher for scale 4 than for scale 3. Therefore, the di-
agonal wavelet at scale 4 is the main wavelet for build-
ing the structure T. The reconstruction process will vali-
date this choice afterward. Reconstruction at scale 3
(not shown) creates a too small structure, while at scale
5 (not shown either) it does not keep its compactness
and connectedness.

g. Building the coherent structure locally

From the above section, a DWT basis and an upper-
bound scale are deduced; what remains is to select the
local wavelet coefficients that are in this basis and be-

FIG. 7. Nonlinear wavelet filtering of the potential vorticity field on the isentropic level 315 K at 0600 UTC 27 Dec 1999.
The (top) original field is decomposed into (left) a coherent and (right) an incoherent part (negative contours are dashed)
through the filtering of (middle) DWT coefficients or (bottom) the SWT coefficients. Contour intervals are 1 pvu
(potential vorticity unit equivalent to 10�6 m2 s�1 K kg�1) for the original and coherent fields, 0.1 pvu for the incoherent
fields.
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low this scale in order to describe the coherent struc-
ture. At the same time this problem is solved, some
choices that have been made will receive a supplemen-
tary justification. No assumption must be made about
the shape of the structure and the possible secondary
poles around the central monopole.

The example of a Gaussian monopole confirms that
the choice of an optimal DWT basis is critical: in Fig. 5
the detected wavelet scale of the monopole is 4, and the
optimal representation is obtained by the DWT basis
that has a diagonal wavelet of scale 4 at the same grid
point as the monopole. This illustrates again the good
choice of a diagonal coefficient as the main coefficient
for representing the structure. Besides, there are only
four other nonnegligible coefficients at scale 4: two ver-
tical coefficients and two horizontal coefficients that
surround the central diagonal coefficient.

The generalization of this scheme (one diagonal 	
two horizontal 	 two vertical) for the description of
any coherent structure is now justified. The position of
the diagonal wavelets is such that they are at the center
of the patterns of symmetry of the DWT basis (Fig. 10);
therefore, taking a diagonal wavelet as the main coef-
ficient leads to the most compact representation. It is
closely flanked by two horizontal wavelets above and
below and by two vertical wavelets at the left and at the
right of it at the same scale. A horizontal or vertical
main wavelet would not offer such simplicity and sym-
metry.

At lower scales, the reconstruction must involve all
of the wavelets that are colocalized with these five
large-scale wavelets. By analogy with what is known in

the literature as the cone of influence of a physical
point (Mallat 1998), the wavelets that are colocalized
with a large-scale wavelet may be called its cylinder of
influence (Fig. 11). To build the coherent structure, it is
sufficient to define the cylinder of influence from the
main coefficient, between scale 1 and the scale of the
main coefficient. For the Coiflet with four vanishing
moments, the diameter for the cylinder should be 2 j,
where j is the wavelet scale of the structure (Fig. 11).

Figure 12 illustrates the process of construction of
structure T from Fig. 7 following these principles. The
role of small-scale wavelet coefficients is to tighten or
relax the local gradients in a more realistic way: the
reconstructed local features (Fig. 12) look like the local
features of T in Fig. 7. At the maximal scale, the four
wavelet coefficients that surround the central diagonal
coefficient allow some freedom for the existence of sec-
ondary poles (in Fig. 12, top left panel, the negative
poles appear due to the “horizontal” or “x wavelets”).
Then, the small-scale coefficients change the size and
the shape of the three poles of the coherent structure.

h. General properties of the wavelet extraction

An ideal method of extraction should be able to keep
the main characteristics of the coherent structures. In
other words, the result should be nearly insensitive to
the method itself. To conclude with the presentation of
the algorithm, a short review of the quality of the re-
construction of the main characteristics of a coherent
structure is follows:

• its position—the SWT representation is designed to
have the optimal translated orthogonal basis, so

FIG. 8. Projection of a one-dimensional Gaussian monopole (black bold function) in the
SWT wavelet space (u, j), where u is the position and j the scale of each wavelet. The values
of the wavelet coefficients are indicated in shadings (positive for black contours, negative for
white contours). The positions of the wavelets for two DWT bases are shown: one has a
wavelet at the peak of the structure at scale 4 (crosses) and the other at scale 5 (dots). Below
scale 3, these two bases are the same. At scale 5 for the cross-marked basis, there are two
exclusive symmetrical possibilities: one is black, the other is gray.
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the method is insensitive to the position of the struc-
ture;

• its size (or scale)—the wavelet scale is defined as the
one that leads to the most compact wavelet represen-
tation of the structure (section 2f), and the dyadic
scale invariance of the wavelet representation guar-
antees the low sensitivity of the extraction to the size
of the structure;

• its aspect ratio—if the structure is not too far from
isotropy (i.e., if its aspect ratio is not larger than 2),
the algorithm extracts and reproduces the structure
well;

• its rotation—some tests of sensitivity (not shown) re-
veal that the algorithm is able to reconstruct an ide-
alized elliptic (with an aspect ratio around 2) rotated
structure well;

• its shape—the small-scale wavelet coefficients (the
cylinder of influence of the main coefficient) modu-
lates the shape of the structure so that it resembles
the original field locally;

• its multipolarity—the five-coefficients representation
at the large wavelet scale enables the existence of
secondary poles around the central monopole, but
does not impose them.

The extraction can be considered objective since only
a few input parameters have been set. These are the
mother wavelet and the diameter of the cylinder of

FIG. 11. (left) Cone of influence (gray) of size C associated with
the grid point p and (right) cylinder of influence (gray) linked to
a wavelet of scale j; j � 3 in this illustration. The DWT coefficients
in the cone and in the cylinder are indicated by the black crosses.
The diameter of the cylinder is 2 j, which covers the negative
secondary poles of the Coiflet at scale j (drawn below the cylin-
der).

FIG. 9. Maps of diagonal coefficients in the plane (x, y) at
(top) scale j � 3, (middle) scale j � 4, and (bottom) scale j � 5.
See text for more details. The solid (dashed) lines are positive
(negative) coefficients. The contour interval at scale j is twice as
large as the one at scale j � 1. The black crosses indicate the point
where the coherent structure T in physical space reaches its maxi-
mum.

FIG. 10. Position of the wavelets of a DWT basis at a given scale
j ( j � 3 here) on the grid. The peaks of the diagonal (d), hori-
zontal (h), and vertical (v) wavelets are regularly spaced following
the scheme presented on this figure. The diagonal wavelets play a
central role: they are closely flanked by two horizontal and two
vertical wavelets. Note that in the SWT representation, there is a
wavelet peak for every direction and every scale at each gridpoint.
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influence for reconstruction. However, the values of
these parameters have been objectively justified and
they should not be changed by users. It follows that this
algorithm may be used for the extraction of all kinds of
two-dimensional coherent structures, from any meteo-
rological or other scientific field.

The only deficiency of the algorithm in its current
stage may appear when the structure to be extracted is
a filament with a high anisotropy. A different exploita-
tion of the wavelet coefficients will have to be sought to
correct this problem in future work. For instance, the
adaptation of the spatial extension of the cylinder of
influence may be a solution.

From now on, it will be assumed that the coherent
structures of the two-dimensional field are the struc-
tures resulting from the algorithm. The collocation be-
tween isobaric levels allows the computation of three-
dimensional structures. An important aspect of this al-
gorithm is that the temporal evolution is not involved:
as a result, temporal consistency or coherence offers a
way to check the behavior of the algorithm. The objec-
tive definition of the coherent structures provides a new
basis for interpreting their dynamics in the potential
vorticity inversion and the attribution framework; an
example is presented hereafter.

3. Application: Extraction of the upper-level
structure of the T2 storm

The exceptional storm T2 of December 1999, also
called Martin by some mass media, hit the coasts of
Europe around 1800 UTC 27 December 1999.

The purpose of this section is to show that T2 in-
volves coherent structures of potential vorticity and that
the upper-level structure may be extracted using the
wavelet algorithm. Such an extraction may help to show
the interactions of this coherent structure with its envi-
ronment during the development stage of the cyclone.

a. The life cycle of the upper-level precursor of T2

The dynamical fields that gave birth to T2 deserve
attention before the relevant upper-level precursor is
extracted. The study will concentrate on the day before
the storm hit the coasts of Europe, which corresponds
to the phase of cyclonic development. To keep a
Lagrangian conservative view (under the adiabatic as-
sumption) of the upper-level dynamics, the field of po-
tential vorticity from ERA-40 on an isentropic surface
(315 K) is shown in Fig. 13. These isentropic potential
vorticity maps (Hoskins et al. 1985) allow one to diag-
nose the coherence of the upper-level structure associ-
ated with T2. In the same figure, the surface cyclone is
indicated through the field of relative vorticity on the
isobaric level 850 hPa. As the vorticity in the surface
cyclone V strengthens with time, the upper-level struc-
ture T lags behind it in the main flow, which suggests an
interaction between both structures. They may both be
tracked with time, which is consistent with the defini-
tion of a coherent structure. These structures evolve in
a strong baroclinic region, indicated by a narrow band
of strong gradient of potential vorticity on the isen-
tropic level (Schwierz et al. 2004), correlated with an
upper-level wind speed maximum (shown hereafter).

The extractions will be done on the fields from 27
December. They will help to show the role of this up-
per-level coherent structure for the development of the

FIG. 12. Progressive reconstruction of the potential vorticity
(PV) structure named T in Fig. 7 on the isentropic level 315 K
(contour interval 1 pvu; positive PV is solid, negative PV is
dashed). The DWT basis is the one for which the diagonal wavelet
at scale 4 has its peak at the same point as the structure. The
coherent structure is progressively built from the (top left) main
diagonal coefficient, on which all the (top right) coefficients of
scale 4 have been added, and then the (middle left) coefficients of
scale 3 and the (middle right) complete structure. The bottom
panel shows the complete structure on the entire domain in order
to reveal its compactness.

OCTOBER 2008 P L U E T A L . 3127

Unauthenticated | Downloaded 10/09/21 07:13 AM UTC



cyclone and to diagnose the interactions with the sur-
face cyclone in the baroclinic region.

b. Extraction of the coherent structure

The data were provided by the Action de Recherche
Petite Echelle Grande Echelle (ARPEGE)/Integrated
Forecast System (IFS) operational analysis, three-
dimensional variational data assimilation (3DVAR) in
1999 (Courtier et al. 1991) with truncation T199 on a
stretched spherical grid. The average resolution over
the Atlantic Ocean is about 40 km. The fields are pro-
jected on the same plane as explained above. The
switch of data source compared to the previous part is
due to the need for sufficient vertical and horizon-
tal resolutions and because of the need to use the
ARPEGE framework, which allows the computation of
potential vorticity inversion and numerical forecasts.

The coherent structure is sought in the Ertel poten-
tial vorticity field on the isobaric levels in steps of 25
hPa between 100 and 850 hPa. The algorithm detects a
signature of the coherent structure between levels 200
and 650 hPa: on the higher vertical levels and on the
levels below there is no signature of a local maximum of
potential vorticity.

The coherent structure is extracted at each of these
levels at 0000, 0600, and 1200 UTC 27 December

FIG. 13. Time evolution of the potential vorticity field on the
isentropic level 315 K (solid lines, interval 1 pvu) and relative
vorticity on the isobaric level 850 hPa (gray shadings, min level 0,
interval 5 � 10�5 s�1) during the growing phase of T2 in Decem-
ber 1999. Source: ERA-40. The relative position of the upper-
level structure T and the low-level vortex V suggest a significant
interaction.

FIG. 14. Potential vorticity on the level of 350 hPa at (top) 0000,
(middle) 0600, and (bottom) 1200 UTC 27 Dec, projected on the
Lambert conformal projection used for the wavelet representa-
tion. The dashed lines 1 and 2 represent the vertical planes of the
cross sections of Fig. 15, directed by the arrowheads. The double-
headed arrows indicate the dilatation axes calculated for the en-
vironment of the anomaly (see text for more details). The length
of the axis is proportional to the norm of the deformation vector.
Only the axes near the anomaly are drawn. The field after SWT
nonlinear filtering is shaded (intervals 1.5 pvu) and the structure
that is extracted is represented by black lines (solid for positive,
dashed for negative; intervals of 1.5 pvu).
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(Figs. 14 and 15). The horizontal fields and vertical cross
sections reveal a compact structure that evolves in time.
The residual field is modified only locally and no spu-
rious discontinuities are created horizontally. The ex-
tracted anomaly undergoes a time evolution that may
be interpreted by dynamical diagnoses. It is obvious
from Fig. 14 that the shape of the structure changes
with time. At first elongated in a west-northwest direc-
tion, it evolves into a nearly isotropic shape before be-
coming elongated in a southwest direction. The dy-
namical consistency of this behavior may be assessed by
considering the dilatation axes associated with the de-
formation field of the environment. Here, the environ-
ment must be understood as the residual field after
removal of the extracted structure. Figure 14 reveals
that the evolution of the shape of the anomaly is con-
sistent with the dilatation axes. There is a persistent

orientation of the axes in a southwest direction, which
is the one toward which the elongation of the structure
gradually converges.

The cross sections (Fig. 15) reveal the ability of the
algorithm of extraction to represent the tropopause
trough associated with the upper-level precursor of T2.
It moderately gains some amplitude and the vertical
extension of the structure increases. Moreover, the co-
herent structure extends downward and southward be-
tween 0000 and 1200 UTC, typical of tropopause fold-
ing (Uccellini et al. 1985).

Another strong point of our approach is that it is
sufficient to extract the coherent structure in the po-
tential vorticity field. Its signature in all other dynami-
cal fields is then derived after inversion in a dynami-
cally consistent way—in the ARPEGE primitive-
equation framework using an implicit balance condition

FIG. 15. Potential vorticity cross sections at (top) 0000, (middle) 0600, and (bottom) 1200 UTC 27 Dec. Cross
sections (left) 1 and (right) 2 of Fig. 14. Shown are: the original field after SWT nonlinear filtering (shaded; isolines
from 1.5 to 3 pvu), the structure extracted (black solid lines; intervals 1.5 pvu) and the total field after removal of
the structure (dashed lines; intervals from 1.5 to 3 pvu).
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(Arbogast et al. 2008)—that prevents spurious gravity
wave emission in the very short range forecast. For the
inversion of the three-dimensional field of potential
vorticity, the low-level boundary condition assumes
that the potential temperature at the hybrid model level
closest to 850 hPa is unchanged. This level belongs to
the free atmosphere, where the balance condition is
valid. It has been verified that the thermal structure and
the vortex associated with the low-level preexisting cy-
clone are unchanged after inversion.

The attribution may be ambiguous in the context of
a nonlinear balance (Davis 1992). To compute the
dynamical fields of the structure, the field of poten-
tial vorticity after SWT filtering and the field with-
out the coherent structure are both inverted. The at-
tribution of the anomaly fields is obtained as the
difference between the results of these two inver-
sions.

c. Description of the structure and of the large-scale
flow

The upper-level (350 hPa) anomaly in terms of rela-
tive vorticity and wind (Fig. 16) indicates a main cy-
clonic structure that is collocated with the structure of
potential vorticity. The wind strengthens with time as
the cyclone develops. The wind flow attributed to the
anomaly (barbs in Fig. 16) and the geopotential field
(not shown) reveal two secondary anticyclonic poles
around the central cyclonic monopole, particularly at
0000 and 0600 UTC. A pole is upstream of the main
cyclone, and the other pole is downstream with regard
to the baroclinic zone. This is consistent with the tripo-
lar configuration on the isentropic potential vorticity
maps (Fig. 12) and on the cross sections of the structure
(Fig. 15).

Another remarkable feature of the structure is its
local contribution to baroclinicity. The wind attributed
to the anomaly is maximum (around 30 m s�1) in its
southern part, where it has the same eastward direction
as the jet stream. Therefore, it plays the role of a jet
streak. The potential vorticity coherent disturbance and
the dipolar structure of relative vorticity across the jet
are consistent with the literature (Pyle et al. 2004; Cun-
ningham and Keyser 2004). Figure 17 shows the effect
of removing the structure in terms of upper-level geo-
potential and wind velocity. At the three times consid-
ered, removing the coherent structure is equivalent to
deleting the small local trough. After removing the co-
herent structure, the flow is locally zonal and the maxi-
mum wind changes roughly from 90 to 60 m s�1. There-
fore, deleting the coherent structure makes the jet
stream straighter and more uniform. It is then reason-

able to consider it as the background flow in which the
structure evolves.

d. A comparison with temporal filtering and
gridpoint extraction

A comparison is proposed between the wavelet ex-
traction and a subjective method of extraction that may
be found in the literature nowadays. As suggested by
Davis and Emanuel (1991), a temporal filtering is ap-
plied to the field in order to separate the anomaly from
the basic state. A Lanczos time filter is used (Duchon
1979), with an approximate cutoff period of 6 days.
Following Chaigne and Arbogast (2000), the anomaly is
determined in the high-frequency field as the set of grid
points that have positive potential vorticity and are lo-

FIG. 16. The 350-hPa relative vorticity (black lines, solid: posi-
tive, dashed: negative; contour intervals 5 � 10�5 s�1), wind barbs
(minimum speed 3 m s�1), and wind speed (shading; minimum
speed 10 m s�1, intervals 10 m s�1) attributed to the extracted and
inverted coherent structure at (top) 0000, (middle) 0600, and (bot-
tom) 1200 UTC 27 Dec.
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cated inside a circle typical of the size of the structure.
This method has been applied, 0600 UTC 27 Decem-
ber, on the same isobaric levels as for the wavelet ex-
traction (200–650 hPa). The determination of the radius
of the monopole is ambiguous since the structure on the
high-frequency field is not well separated from the
neighboring structures. Therefore, a mean radius,
which appears in Fig. 18, has been chosen subjectively
within reasonable geographical bounds.

The structure T in Fig. 13 is extracted by these two
different techniques. The one extracted with the wave-
let method will be called W (for wavelet), and the one
obtained by the extraction of the monopole after tem-
poral filtering will be called F (for temporal filter).

The structure F (Fig. 18) reproduces correctly the
three-dimensional tropopause folding. The main differ-
ence with W is the absence of secondary poles around
the central monopole, which may be observed on the
vertical cross sections (Fig. 18).

The inversion and the result of attribution of dynami-
cal fields reveal other differences (Fig. 19). The relative
vorticity anomaly is roughly monopolar, but this is a

consequence of a built-in assumption. Though there is a
weak anticyclonic vortex south of the main cyclone, it
does not have strong wind acceleration in its southern
part; it is not a jet streak. Furthermore, the change in
the local curvature of the height contours after remov-
ing the structure is not as complete as for W.

To assess the performance of both extractions, some
short-range simulations with the primitive-equation op-
erational model ARPEGE/IFS (truncation T358,
stretched grid C2.4, full physics) were run for 0600 UTC
27 December with different initial conditions. The di-
agnosis is simply the mean sea level pressure field at
1800 UTC 27 December (Fig. 20). Three forecasts are
computed, starting from the initial states with the total
inverted field, without W at 0600 UTC, or without F.
Although the modifications of potential vorticity have
been done at the middle and upper levels of the tropo-
sphere (above 650 hPa), the structures have a strong
impact on the forecast of the surface cyclone. The re-
moval of any initial structures W or F completely de-
letes the surface cyclone at final time.

A further diagnosis helps to better understand the

FIG. 17. Geopotential on the 350-hPa level [contour intervals 10 decameter geopotential (damgp)] and wind
velocity at 350 hPa (minimum shading of 40 m s�1, intervals of 20 m s�1) at (top) 0000, (middle) 0600, and (bottom)
1200 UTC 27 Dec. The original fields (before extraction) are plotted on the left and the fields after removal of the
coherent structure are on the right.
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dynamical role of both structures on the development
of the storm. Some intermediate terms in the previous
short-range forecasts are used to diagnose the fields
attributed to each anomaly by means of differences be-
tween the forecasted fields. Figure 21 shows the vertical
velocity attributed to the anomalies in the model evo-
lution after both extractions at 0600 UTC. Vertical ve-
locity is a common signature of the baroclinic interac-
tion between synoptic-scale vortices. For both W and F
extractions, the anomaly fields show the existence of a
downward motion upstream and an upward motion
downstream of the upper-level anomaly, consistent
with vertical motion in baroclinic systems (Holton
1992) and with idealized cyclonic development (Schär
and Wernli 1993). Moreover, the vertical motion attrib-
uted to the anomaly strengthens with time. The core of
the evolved vertical velocity ascending zone related to
W keeps a slightly simpler shape than the ascent linked
to the evolving anomaly F.

Hence, both structures have similar impacts on the

dynamics of the storm. These results suggest that the
upper-level monopolar cyclonic vortex, common to W
and F, is the most important upper-level feature for the
development of the surface cyclone (Fig. 20). However,
further dynamical differences in W and F will be inves-
tigated in the following.

e. Diagnosis of coherence

The purpose of this section is to diagnose the coher-
ence of the extracted structures by looking at their
model evolutions between instant 0 and t. Let x0 and xt

be the state vectors of the atmosphere at these two
times. With the perfect model assumption, the relation
xt � M(x0) is guaranteed, where the operator M refers
to the nonlinear integration of the model. At time 0, an
anomaly �x0 is extracted, as well as �xt at time t, with
a technique such as a wavelet or temporally filtered
extraction. The residual from x after removing the
anomaly �x is called its environment (x � �x).

FIG. 18. Alternative extraction of the upper-level anomaly involved in the development of storm T2. This simpler
technique uses temporal filtering and imposes a monopolar structure (see text for details); it gives an alternative
anomaly called F. The fields are shown (top) on the 350-hPa isobaric level (Lambert conformal projection), and
on both cross sections (bottom left) 1 and (bottom right) 2 indicated by the arrows. The background field (gray
shadings) is the total potential vorticity field, and the solid black line is the extracted structure. Same legend as in
Figs. 14 and 15. The circle in black-dashed contour demarcates the region inside which the structure is defined.
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It is hypothesized that an anomaly is perfectly coher-
ent regarding the model if

�xt � M�x0� � M�x0 � �x0�. �3�

Equation (3) directly states that the extracted
anomaly �xt at time t is equivalent to the propagated
anomaly from time 0 by the nonlinear model. It may
also be seen as a generalization to nonlinear models of
the classical linear equation of perturbations used in
stability analysis. If the model is linear or linearized, the
operator M becomes M and Eq. (3)

�xt � M�x0, �4�

which is the classical resolvent equation for a linear
problem. The classical mathematical definition of an
anomaly comes from the solutions of Eq. (4), in par-
ticular, in the special cases when M is separable in
space.

Another interpretation of Eq. (3) comes after rewrit-
ing it:

xt � �xt � M�x0 � �x0�, �5�

which means that the environment of the extracted
anomaly and the environment of the propagated
anomaly are the same. In other words, the environment

FIG. 20. Mean sea level pressure at 1800 UTC 27 Dec (contour intervals 5 hPa; bold references 1000 hPa) and
850-hPa wind speed (shading from 20 m s�1; intervals 10 m s�1) at the time the cyclone T2 strikes the European
coasts. (top left) The ARPEGE 3DVAR analysis is presented. (bottom left) The ARPEGE 12-h simulation
starting from the result of the inversion from the total distribution of initial potential vorticity is consistent with the
analysis. The 12-h simulation after removal of the initial structure (top right: W, wavelet extracted; bottom right:
F, monopolar extraction) both delete the surface cyclone.

FIG. 19. Result of the inversion for the extraction of the struc-
ture F, 0600 UTC 27 Dec. Legend as in (top) Fig. 16 and (bottom)
Fig. 17.
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may be propagated by the model: it has its own exis-
tence, independently from the anomaly.

These interpretations of Eq. (3) justify its definition
for the coherence of an anomaly in the context of a
nonlinear model. Hence, Eq. (3) may be used to assess
the coherence of the extracted structures at time 0 and
t by comparing its right- and left-hand sides.

Some forecasts from 0600 UTC 27 December with
ARPEGE/IFS are used to diagnose the coherence of
the extracted upper-level anomalies W and F after a 6-h
evolution. The propagated anomalies after extraction
in the initial conditions [rhs of Eq. (3)] are compared
with the extracted anomalies from the verifying analysis
[lhs of Eq. (3)], at 1200 UTC 27 December. The results
are presented in Fig. 22 for potential vorticity on the
350-hPa level. The extracted structure W from the veri-
fying analysis at 1200 UTC reveals a similar pattern as
its 6-h propagation from 0600 UTC. A similar compari-
son for F at 1200 UTC does not show such good agree-
ment because of its too strong built-in assumptions: the
extracted anomaly from the verifying analysis is mono-
polar and roughly circular, whereas the propagated
anomaly has a multipolar complex shape. Therefore,
Eq. (3) is nearly valid for the anomaly W, contrary to
the anomaly F. More objective evidence of these state-

ments is provided by the correlation of potential vor-
ticity between the anomaly fields that are extracted
from the verifying analysis and the propagated anoma-
lies. Correlations are computed over a limited domain
that covers the anomalies (35°–65°N, 40°W–10°E), be-
tween levels 250 and 600 hPa (Fig. 23), for both tech-
niques of extractions, thus creating four cases. The
anomaly F generates low correlations at every level.
The best scores for the anomaly are obtained when the
wavelet technique is used for both extractions in the
initial conditions and in the verifying analysis.

As a consequence, the time evolution of W and F
through the model reveals that the wavelet extraction is
more coherent with the dynamics than a monopolar
extraction, with respect to Eq. (3).

Several reasons may explain the improved coherence
of the wavelet extracted structure W over F. The wave-
let extraction is able to produce multipolar configura-
tions, which may be more stable than monopoles. In-
deed, a monopole induces secondary circulations in the
surroundings that may accelerate dispersion. Moreover,
the suppression of a monopole generates a field that is
not continuously derivable, contrary to the deletion of
the structure extracted with wavelets. The resulting dis-
continuities in the dynamical fields may also enhance

FIG. 21. Illustration of the vertical motion attributable to the upper-level anomalies using the ARPEGE simu-
lations from 0600 UTC (left: initial state; right: 6-h simulation), for both methods of extraction: (top) W and
(bottom) F. The large-scale flow is taken as the geopotential at 350 hPa (thin solid lines; intervals 20 damgp) after
removing the structure. The anomaly fields are the relative vorticity at 350 hPa (bold lines, solid: positive and
dashed: negative; intervals 5 � 10�5 s�1) and the vertical velocity at 600 hPa (shaded for upward velocity, dotted
for subsidence, from 2 10�1 Pa s�1, intervals 4 � 10�1 Pa s�1).
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dispersion in the simulation. For instance, the upper-
level relative vorticity of the propagated anomaly (Fig.
21) remains quite compact in space for W, whereas for
F it spreads along the jet. Another difference between
the two methods of extraction that may explain their
coherence is the method of computation of the large
scale (wavelet scale or temporal filtering).

The coherence of an anomaly with the model is a
central property if the purpose is to find the relevant
degrees of freedom in a field. A structure that does not
show such a coherence may stimulate irrelevant modes
and modify the overall dynamics of the system.

4. Conclusions

The main results of this paper are summarized here:

• a new algorithm based on the stationary wavelet
transform that is able to extract the coherent struc-
tures of a three-dimensional flow has been presented;

• this method of extraction is more objective than ex-
isting methods in that it has less built-in features and
thresholds/parameters and it is weakly sensitive to
the properties of a coherent structure, that is, posi-

tion, size, and shape; moreover, the method allows
one to extract multipolar vortices;

• the algorithm applied to the upper-level potential
vorticity precursor of a midlatitude storm shows its
ability to extract relevant structures of the dynamics;
the evolution of the wavelet derived anomaly can be
understood from the action from its environment, in
particular from deformation;

• the comparison of this extraction with a method
based on a monopolar extraction after a temporal
filtering reveals the same impact on the forecast of
the surface cyclone;

• however, the assessment of the coherence of each
structure through the equations of the model reveals
a far better coherence of the wavelet-extracted struc-
ture than the monopolar structure with the primitive-
equations model; the wavelet-derived anomaly does
seem to capture something akin to an actual coherent
structure, a real, meaningful organization of the flow.

The capability to extract and properly handle synop-
tic-scale coherent structures of potential vorticity opens
some new tracks to study synoptic-scale dynamics and
its predictability. The present approach makes some

FIG. 22. Coherence of the extracted anomalies: (left) W and (right) F. Fields are the potential vorticity of the
anomaly (bold lines, solid: positive and dotted: negative; interval 1 pvu) and the geopotential of the large-scale flow
(thin solid lines, intervals 20 damgp). The anomalies extracted from the (top) verifying analysis are the direct
results of the extraction from the analysis at 1200 UTC 27 December. The (bottom) propagated anomalies are
obtained as the difference between the 6-h simulations (from 0600 UTC) initialized by the unmodified initial
analysis and the initial analysis without the initial anomaly. The comparison between the top and bottom panels
gives an indication of the coherence of the anomalies (see text).
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progress on the way toward a description of cyclogen-
esis that does not invoke linear stability arguments and
on defining “anomalies.”

The dynamics and the interactions of coherent struc-
tures could be studied using such an objective method
of extraction. All kinds of coherent structures are con-
cerned, from large-scale jet streaks to mesoscale struc-
tures, but different meteorological fields and dynamical
processes are also considered. In the context of baro-
clinic development, the role of vertical velocity has
been emphasized, but the energetics of extratropical
cyclones may also be described. Additionally, as the
method reproduces correctly the shape of the coherent
structures, the interactions determined by the deforma-
tion (Rivière and Joly 2006) may be diagnosed. Ener-
getics and deformation should receive more attention
in forthcoming work.

At least two important applications are foreseeable
for predictability issues. First, the automatic extraction
of coherent structures gives a new method to initialize
an ensemble prediction system. Plu and Arbogast
(2005) showed that, in an idealized framework, perturb-
ing the initial coherent structures is a reliable method
for obtaining the probability density function for the
short-range forecast of cyclogenesis. That article con-
cluded with the statement that there is no algorithm to
extract the relevant structures that give birth to a storm;
the present paper provides one. The present observa-
tion that the wavelet extraction provides anomalies that
are coherent with the dynamics is an additional argu-
ment for using this algorithm.

Second, the assimilation of coherent structures from
images could be achieved using this extraction. For in-
stance, it might be expected that the upper-level pre-
cursors that can be detected in the water vapor channel
from satellites would be assimilated with more accuracy
using the wavelet representation rather than a gridpoint
radiance representation.
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APPENDIX

Nonlinear Wavelet Filtering

The nonlinear wavelet filtering is an optimal method
to estimate a signal that is corrupted by some stochastic
noise (Donoho 1993). It consists of separating the
DWT coefficients above and below an optimal thresh-
old s that may be obtained through an iterative method
(Azzalini et al. 2005):

f̃ : wavelet signal to be split into f̃�� the coherent part
and f̃�� the incoherent part.

N � x � y: size of the domain (and also number of
DWT coefficients); �[ • ]: standard deviation of the
two-dimensional function in the argument over the
computational domain.

Initialization:

f̃�� 0, the coherent part (above threshold)
f̃�� f̃, the incoherent part (below threshold)
s � (2�2[ f�]lnN)1/2 and s0 � 0: initial thresholds.

While s � s0, s0 takes the value of s. Apply threshold
s on | f̃�| :
• the wavelet coefficients that are above s are added

to f̃ �

• the wavelet coefficients that are below s remain in f̃�

s � (2�2[ f�]lnN)1/2

End

As the threshold decreases at each step and remains
positive, this algorithm always stops at a value for s that
is either positive or zero.

FIG. 23. Correlation of the potential vorticity between the
extracted anomaly at 1200 UTC and the propagated anomaly
at 1200 UTC (simulations from 0600 UTC). Each curve is
named after two letters, the first being the technique used for the
extraction in the verifying analysis (at 1200 UTC), and the
second for the one used in the initial conditions (at 0600 UTC) to
compute the propagated anomalies (at 1200 UTC). The correla-
tion is the best when the wavelet method is used for both extrac-
tions.
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Another filtering method consists in thresholding the
SWT coefficients with the threshold given by the DWT
iterative algorithm. The thresholding of SWT coeffi-
cients has been proposed by Coifman and Donoho
(1995) to avoid the spurious effects owing to the lack of
translation invariance. After filtering all DWT fields,
the SWT-reconstructed field is obtained by averaging
the reconstructed DWT fields.
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